1 and 2 in section 4) . As a result equivariant homotopy theory (in a modified sense) is equivalent to the theory of homotopy fibrations .
To prove these theorems we have to include H-spaces into our discussion :
In fact, the functor equivalence mentioned above is an extension of the equivalence between the categories of H-spaces and classifying spaces presented in [2) . Therefore we need the notion of a Borel space for H-spaces .
EQUIVARIANT MAPS UP TO HOMOTOPY AND BOREL SPACES

Martin Fuchs
The Borel space we use, is associated with the modified Dold-Lashof construction in [3) .
In section seven we present a number of examples of G-spaces with differing fix point sets, such that these differences cannot be detected by studying the cohomology of their Borel spaces, nor by studying the Borel space itself . The groups in most examples are Mp or S l , but the G-spaces are not all of finite dimension .
Thus we illustrate the limits of theorems like the localization theorem by Hsiang ([5] , p . 47) .
All the examples arise from the fact that if h = (h n ) n = o,l, . . . is a G.
-map between the G-spaces X 1 and X2 and h is an ordinary homotopy equivalente, then the fiber map induced between the Borel spaces is a fiber homotopy equivalente .
1 . Definitions 1 .1 . The H-spaces H we are using are supposed to be strictly associative and to have a strict unit element e . Furthermore we assume H has a homotopy inverse v (such that H-=--> H x H lxv~H xH u> H is homotopic to idH ) .
1 .2 . We say that a topological space X is a G-space, if an H-space H acts on X from the left continuously and in a strictly associative manner . We assume that ex = x for all x E X . 
11-4 .
If H1 acts on X 1 and H2 acts on X2 from the left, and if h is an H -map from H1 to H2 of a length r, then we define a G C7 -map f from X 1 to X2 of length r associated with h to be a seguence of maps fn : (H 1 x Ir ) n x X1 -0 X 2 (n = 0,1,2 . .) such that for n > O fn (g0 ,t l . .,g n-l,tn ,x) hn-l (g 0 ,t l . .,gi-lgi, . . .,tn,gn) ti = r h i-l (g 0 ,t i , . . .1g i-1 )hn-i(gi, . . . . gn ) = i = O fn-1(g0,tl, . . .,gi-1gi, . . .,gn-l,tn,x) t i = r hi-l(g0, . . .,gi-1 )fn-i(gi, . . .,gn-l,tn,x) t i = 0
Composition of H -maps and G -maps is defined as in [3] . Notice that trivial fibration with fiber through the map the direct limit of the maps because we used the telescope construction .
continuity of rH in [3] , p . 333) . Induced Maps Between Borel-Spaces 3 .1 . Before we can discuss G-Spaces, we have to know more about H-Spaces . So let h :H 1 -+ H2 be an H e -map Between the H-Spaces H 1 and H 2 . We define a G m -map
E0h :E 0H1 -+ E 0 H 2 as E0h = h .
(Note that all the Spaces E H have a right action, so the notion of G -map has to n m be modified accordingly) . Also we let B0h :B0H1 -+ B 0 H 2 be the trivial map .
Assume that E h has been extended to a G -map O °'
Enh :E nH1 -+ EnH2 associated with h and B0h has been extended to B h such that n (We will call a G -map with this property fiber preserving) .
On E nl H l we define = (E nh0 (Y) 1t, E nhk (Y0 .t 1 .9 1 . . . .,tk .g k )
Recall (from [3] , p . 330) that En2H1 = (B n2 H1 XH1) U (B ni n Bn2 X I X H1) and define Eñ 2 hk(y l t,T,go .t l tk,gk)
when O S T S 2 and 3 < t < 3
when Z S T S 1 and 3 < T < 3 '
(when T = 1 we use that Enhk+l(y,l,g0,t1, . . A map between two Borel spaces has to preserve this structure at leadt up to homotopy . This leads to the following .
Definition . Let Y1 and Y2 be topological spaces on which H1 and H2 respectively act from the right, let X 1 and X2 be topological spaces on which H1
and H 2 respectively act from the left, and 1et Again we define the G -map E0f :E 0X1 -i E 0 X 2 by E0f = f . m Assume we defined a G.-map Enf :E nH,X X1 -+ EnX2 in the sense of 3 .2, associated with Enh, f, and h .
Furthermore we assume that all maps in Enf are "fibermaps" over B n h in the obvious manner . Let us extend
Enf to Enf :E nH1 x X1 E nX2 . We define 
w(t) = w(r) E B for t > rJ
Often we omit r in our notation for the sake of simplicity . Proof : L(BH ;BH,*) is the total space of a numerable fibration over BH, and so is EH . Both total spaces are contractible . SO is the restriction of LpH a K, which is a fiber map over id BH and which is also a homotopy equivalence . Theorem 6 .1 in [1] implies that LpH oK is a fiber homotopy equivalence and hence SO is a homotopy equivalence . which is a principal fiber homotopy equivalence ; (f,f)
is an inclusion, hence POX is principal fiber homotopy equivalent to the pullpack of pLX . For universal fibrations this implies f is a homotopy equivalence .
As a result, (f,f) represents a functor equivalence between the functors from T* to 91 * induced by a) and c) . The fix point set of pl is just the origin of IR 2 and the fix point set of p2 is the origin and the unit circle . Obviously we could define actions with more complicated fix point sets .
The constant map from one of these spaces to the origin of the other is an equivariant map which is also an ordinary homotopy equivalente . It induces (according to section four) a homotopy equivalente between the Borel spaces of the two spaces .
7 .2 . a) Let P be an acyclic finite polyhedron with nontrivial fundamental group .
Then the suspension E P is a contractible 2Z2 -space with fix point set P, and the join P * S 1 is a constractible S 1 or Z? p -space (p y 2) with fix point set P in the obvious manner (notice P *S 1 -E 2 p) .
b) Let P be any finite polyhedron . The obvious 2Z2 -action on E P can be extended to E 2 P etc . so that lim En P is a contractible 2Z2 -space with fix np oint set P .
same by reiterating the join with S1 .
G-space with nonempty fix point set F, e .g . let Y be one of the spaces mentioned above . The one point union Id of X and -Y formed by identifying two For G = 2Z P (p T 2) and G = S1
we can do the 7 .3 . Let G be either 2Z or S 1 and let X be a P G-space with fix points . Let Y be a contractible fix points is a new G-space in the obvious manner and the inclusion of X into I^1 is an equivariant map and also an ordinary homotopy equivalence .
By the theorem in [4] the inclusion represents an isomorphism in .1 and induces a f iber homotopy equivalence between BX and BW by section 4 .
Hence the cohomology of these Borel spaces carries no information about F . T . Petrie in [7] and elsewhere, Ch . N . Lee and A . Wasserman in [6] Nave constructed examples of such maps which do not have equivariant homotopy inverses .
Hence the fiber homotopy inverse of Ef is not induced by an equivariant map from X2 to X 1 . This answers the opening statement of the introduction of this paper .
